We define the relative Yamabe invariant of a compact smooth manifold with given conformal class on its boundary. In the case of empty boundary the invariant coincides with the Yamabe invariant. We develop approximation techniques which lead to gluing theorems of two manifolds along their boundaries for the relative Yamabe invariant. We show that there are many examples of manifolds with both positive and non-positive relative Yamabe invariants. In particular, we construct families of four-manifolds with strictly negative relative Yamabe invariant and give an exact computation of the invariant.
1. Introduction.
General setting.
Let W be a compact smooth manifold with boundary dW = M ^ 0, and n = dim W > 3. Let TZiem(W) be the space of all Riemannian metrics on W. For a metric g G 7^iem(V^) we denote by Hg the mean curvature along the boundary dW = M, and g = g\M-We also denote by [g] and [g] the corresponding conformal classes, and by C(M) and C{W) the space of conformal classes on M and W respectively. Let C and C be conformal classes of metrics on W and M respectively. We write dC = C if C\M_ = C. Let C(W, M) be the space of pairs ((7, C) with dC = C. Denote C 0 = {g ^ C \ Hg -0}. We call C 0 C C the normalized conformal class. Let C 0 (W,M) be the space of pairs (C 0 ,C) such that C 0 C C and (<7, C) 6 C(W,M). It is easy to observe (see [7, formula (1.4)]) that for any conformal class C 6 C(W) the subclass (7° is not empty. Thus there is a natural bijection between the spaces C 0 (VF, M) and C(W, M). Let g e 0° be a metric. Then C 0 could be described as follows: (W) such that d^u = 0 along M } . 1 Partially supported by the Grants-in-Aid for Scientific Research (C), Japan Society for the Promotion of Science, No. 11640070. 2 Partially supported by SFB 478, Miinster, and by IHES.
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Here v is the normal unit (inward) vector field along the boundary, and C^0(W) is the space of positive smooth functions on W.
The Einstein-Hilbert functional.
Let C G C(M) be given. We define the following subspaces of metrics:
Kvemc{W, M) = {g E ^iem(PF) | d[g} = C} , nieuP c (W, M) = {g £ IZiemdW) \ H-g = 0} .
We consider the normalized Einstein-Hilbert functional
I: niem^W, M) -+ R, I® = Jw3^L_^
Vol^(W) n where Rg is the scalar curvature and dag is the volume element. As in the case of closed manifolds, we have the following result. Then the set of critical points of the functional ^|^iem const (Ty 5 M) IS a l so empty. These facts easily follow from the proof of Theorem 1.1.
Relative Yamabe invariants.
Similarly to the case of closed manifolds, the functional / is not bounded. It is easy to prove that for any manifold W of dim^F > 3 with dW = M, and any conformal class C G C{M): 
Let (C^C) G C(W,M). We define the relative Yamabe constant of (C,C) as

Yc{W,M;C)= M 1(g). g€C°
Remark 2. We notice that the relative Yamabe constant Y^(W,M] C) coincides with the constant Q(W) (up to a universal positive factor depending only on the dimension of W) defined by J. Escobar [7] for each pair of con-
formal classes (C, C) G C(W, M).
The relative Yamabe constant YgiW, M; C) is related to the Yamabe problem on a compact manifold with boundary which was solved by P. Cherrier [6] and J. Escobar [7] under some restrictions. Indeed, P. Cherrier proved the existence of a minimizer for the Yamabe functional I\QO provided (
1.1) Y C (W,M;C) < Y^S^S^M).
Here 5+ is a round hemisphere with the standard metric ^o, and 5 n~1 C 5+
is the equator with go = 0o|s»-iMore generally, J. Escobar [7] solved the Yamabe problem under the restrictions we list below. The Escobar's result includes the case when the inequality (1.1) is satisfied. Here is the list of conditions given in [7] :
(a) n = 3,4 or 5, (b) W has a nonumbilic point on M -dW, ^ ' ' (c) M is umbilic in W and W is locally conformally flat, (d) n > 6, and M is umbilic in W and the Weyl tensor Wg^O on M.
Notice that the conditions (1.2) are conformally invariant. We denote
We state the Escobar's result using the terms introduced above. We define the relative Yamabe invariants Y(W,M,C) and Y(W, M) (see [13] , [25] for the Yamabe invariant of a closed manifold): We present our main results on the relative Yamabe invariants in the next section.
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Overview of the results.
Minimal boundary condition and approximation theorems.
First, one can notice that the minimal boundary condition Hg = 0 is rather weak for applications. For instance, to apply the Atiyah-Patodi-Singer index theory, one needs much stronger condition that a metric g is a product metric near the boundary. The closest geometric approximation to a product metric near the boundary is when this boundary is totally geodesic. In more detail, let g e T&em^VFjM), g = QIM-Clearly any metric from the normalized conformal class [g] 0 is totally geodesic on M if g is. We call the conformal class Our first aim is to prove a generalization (Proposition 4.5) of the approximation theorem due to Kobayashi [13] . We show that any metric g with totally geodesic boundary is C 1 -close to a metric g which is conformally equivalent to a product metric near the boundary. Moreover, we show that the scalar curvature Rg is C 0 -close to Rg of g. Next, we prove the approximation Theorem 4.6 under the minimal boundary condition. Theorem 4.6 gives us a fundamental tool on the relative Yamabe invariants. In particular, we prove the following result. 
We define the "umbilic Yamabe invariant" Y urn {W, M; C) as
Theorem 2.1 leads to the following conclusion.
Gluing Theorem.
We analyze a gluing procedure for manifolds equipped with conformal structures. Let Wi, W2 be two compact manifolds of dimWi = dimW^ > 3 with boundaries
. Let W = Wi UMO (-^2) be the union of Wi and W^ along common boundary MQ.
We study the case when the conformal class Co 
We use these results to give examples of manifolds with non-positive Yamabe invariant. Corollary 2.6. Let N be an enlargeable closed manifold. Then
In particular, Y(N \ int(£» n ), 5 n -1 ) < 0. Let N be a product E^1 x Efc 2 of closed Riemann surfaces of genus ki, &2 > 2, and g the product metric g\ x #2 of gi on E^ and 32 on E^2, respectively, with constant negative curvature -1. Let 
The rest of the paper is organized as follows. We prove Theorem 1.1 in Section 3. Then we prove the approximation theorems in Section 4. We give a gluing construction in Section 5.
In Section 6, we analyze the Yamabe invariant for a double and give examples of manifolds with non-positive or negative relative Yamabe invariant. In the last Section 7 we define and study the moduli space of positive conformal classes and introduce the notions of conformal concordance and conformal cobordism.
Proof of Theorem 1.1.
Let g € 1liemc{W, M) be a metric and {g{t)} a smooth variation of g in the space 7£iemc(W,M), where ^(0) = g. We consider first a general variation, i.e. {g(t)} is not necessarily contained in the subspace 7£iem[l(W, M) C 7^iemc(W / , M). Now we need the following notations. Let h = ^| t:= o5(*) be a variational vector and g(t) = 3(*)|MJ where g(0) = g.
Remark 5. We observe that the condition g(t) G C implies that h = fg on M, where / G C^M).
Let r = r(t) be the distance function to the boundary M in W with respect to the metric g(t). Let u = -^ be the unit normal (inward) vector field along the boundary dW = M. Let p G M, and {r, a; 1 ,..., x 71 ' 1 } be a Fermi coordinate system near p. We use indices a,/J = 0,1,... ,n -1, where 0 corresponds to the normal direction, and i,j,A; = 1,... ,n -1 are indices corresponding to the tangent directions (only on the boundary dW = M).
We denote by (•)' = ;! §(•) I^o ^e
Ya:ria '^l ona^ derivative evaluated at t = 0. In order to prove Theorem 1.1, it is enough to prove the following formula.
Claim 3.1. Let {g(t)} be a variation as above. Then
where Ric^ is the Ricci curvature ofg.
Proof. We denote by V and V corresponding Levi-Civita connections with respect to the metrics g and g. Standard calculation gives:
The formula (3.1) together with Gauss' divergence formula gives
Here {e a } = {v, ei,..., e n _i} is a local orthonormal field. We denote n-l
B! = (V(Tr-g h),is)-g , B n = -^(V^/i)^,!/). a=0
Let p G M be an arbitrary point of the boundary. As before, let u be the unit vector field normal (inward) to the boundary such that V^ -0, and let {e^} be an orthonormal frame near p in W such that V^ej = 0 at p and t = 0. We notice that, in general, V ei ej does not vanish at p. We have the second fundamental form of M:
Then we have H = g^Aij the mean curvature of the boundary M. We have:
Here {a; a } = {r, rr 1 ,... ,a; n 1 } is a Fermi coordinate system near p in W, and 3 a = --(and d a -e a at p). We have:
Thus we obtain
Now we compute the term Bn. We have 
To continue, we notice that g(u^ v) = 1 implies
Also we have
since V^is -0. Thus we have that
Notice that e-G T p M since g(t) G C. Thus 0 = S / (^ei)+g(i/ , ,ei).
Now it follows that
n-l z=l
Notice that X^=i ^e^i = Hv, and Hg(v',v) --^h(v,v). Thus we obtain
n-1 n-1
We combine (3.4) and (3.5) to obtain
Now it follows from (3.2), (3.3) and (3.6) that
We notice that V fij .e(eO = (V e .0)(e J -)+fl(V Ci e J -) = (V c .0)(e J -) since Ve-e^ -0 at p.
Thus we have that
This proves Claim 3.1 and concludes the proof of Theorem 1. 
Proof The statements (iii), (iv) are obvious. We prove (i) and (ii). 
d(gs -9)= ^8(r)(95 -g)+ m(r)d(g -g).
By the condition on the metrics <7J, <?,
We use Lemma 4.2 to estimate
\d~9s -dg\ < \w s {r)r\ • ^^ + w s [r) ■ 0{r) < 50{5) + 0{5).
Thus dgs -4 dg in the C 0 -topology, and hence gs -4 g in the C 1 -topology on
W.
(ii) We use Lemma 4.3 to write
Rg s -R-g = Pg(w 5 (r){gs -g)) + Qg(w 5 (r)(g s -g)), < K ws{r)(R-gs -Rg) = ws(r)Pg(g5 -g) + ws(r)Qg(gs -g).
We use again Lemma 4.3:
Similarly we obtain
Notice that \ws(r)(Rg s -Rg)\ < C^S since Rg = Rg on M. Thus we obtain: Proof. First, we note that the exponential map exp :
Here we used that We define new metrics g and G near M as follows:
Clearly j^c? = j^g and, in general, j^^ ^ j^G. We notice
We define a metric g = (gij) := {gij{x) -2rAij(x)) on each hypersuface M x {r} C W (for small r). Then we have We choose the conformal metric g(x, r) = u(x, r)"^ • g so that j^g = jj^g by giving u the boundary conditions:
We have -^A dW + i^u = i25«^l, or A^ = -3^( i2 5 «^l-i^u).
We specify A^u on M: 
The approximation trick under minimal boundary condition.
One notices that the above results do not allow to use a metric which is conformally equivalent to a product metric near the boundary to approximate the relative Yamabe constant YQ{W, M; C). This is the problem which we address and solve here. 
Remark 6. In order to control the scalar curvature without the minimal boundary condition, one needs the C l -convergence of metrics as in Proposition 4.5. Furthermore, when g is not totally geodesic on M, the metric g can never be approximated in the C 1 -topology to a metric which conformally is a product metric near the boundary. However, we emphasize that the convergence in (i) of Theorem 4.6 is the (7 0 -convergence only. The minimal boundary condition plays a crucial role to achieve the C 0 -convergence for scalar curvatures in (ii).
Proof. There are two steps in the proof.
Step 1. First, Proposition 4.5 allows us to assume that the metric g is such that 
Gs(x, r) = g(x, r) + w s (r) • (G(x,r) -g(x, r))
Here g(x,r) and G(x, r) are given by We use the minimal boundary condition Hg = 0 to obtain ■RG« = i^ + 3(1 -ws{r)) 2 \Ag\ 2 g + 0(6) near M. Step 2. We now define the metric g$ € 7^iemp(W, M) as follows:
g(x,r) = (g(x)-2rAg(x)) + dr 2 , y } onUs(M,g). G(x,r) -g(x)+dr
We also let gd{x,r) = g(x) -2r(l -^(r)) • Ag(x) on U 5 (M,g). It then follows from Lemma 4.2 that near
on Us{M,g) with
(4.3) ^(x,r) = ^(ar) -^(2 -w s (r))ws(r)\A s \l.
We obtain that the assertions (iii) and (iv) hold since G5 = g + dr 2 on the collar U e (fy(M,g), and Gs = g, and fa -(j) outside of the collar U^M^g). By construction Proof of Theorem 5.1. There are four steps in the proof. Choose metrics gj G Cj with 5J|MO -h. Moreover, we may assume that gj e Cj (i.e. H-9j =0on Mj).
Remark 9. (1)
The metrics gj G C^ do not have to be relative Yamabe metrics. Moreover, their scalar curvature Rg j is not positive, in general.
(2) The union C® Uc C® does not make sense as a conformal class on W since this union, in general, fails to be smooth along MQ.
Step 2. Here the function /^ is defined by
Prom now on we only need the conditions Yg > 0 (j -1,2). Therefore we may assume that fj < 0 on MQ since the relative Yamabe constant Yg. is invariant under pointwise conformal change.
; Mox[0,l]p Let i be a positive constant. We define the manifold X which is diffeomorphic to W as follows (see Fig. 5 .2):
Now we need the cut-off function w^ defined in Lemma 4.2. Then for each J, 0 < 8 < |, we define a metric g on X as follows. Clearly g is a smooth metric on X = W.
Remark 10. The metric g does not have positive scalar curvature.
Step 3. It follows that u C yi > 0 since Rg > 0.
Step 4. Let v be the first eigenvalue of the Yamabe operator on X = W for the Neumann boundary condition, which is equal to Proof. We use [13, Corollary 3.5.] to choose a conformal class C G C(N) with the Yamabe constant Y^(iV) > 0 and a metric g E C such that
• g is conformally flat near XQ E iV,
• Rg > 0 on N.
Thus (as it was observed by Gromov-Lawson [9] ), there exists a metric g on the manifold N \ int(D n ) such that
• Rg > 0 oniV\int(jD n ),
Thus (2) rpr.MxuHifx)) > ( 2 i yWM) ^ y(^M) < 0 .
Proof. Let (7 be a conformal class on W with <9C = C. It is enough to prove the following inequality:
We choose a metric g G (7°, and let ^ = g|jvf • We notice that, for a generic conformal class C, any metric g G C 0 could not be extended smoothly to X. It then follows from Theorem 4.6 that, for any small e > 0, there exists a metric g G C such that g\M = 9 = 9\M and £ ~ ^ C 0 -close on VT, |i2 §-iJp| <^ on W, 5(0;,r) = (1 + ^f{x))^{g(x) +dr 2 ) near Af C W.
Thus we obtain that 
Remark 13.
Let N be an enlargeable closed manifold (see [10] ). Then
Corollary 6.1. Let N be an enlargeable closed manifold. Then
In particular, Y{N \ mt{D n ), S 71 ' 1 ) < 0.
Example. Let T n be a torus, and let H 71 be a hyperbolic space and F a discrete group acting freely on H 71 such that H n /T is a compact manifold. 6.2. Pour-manifolds with negative relative Yamabe invariant. Now we would like to construct a family of 4-manifolds with strictly negative relative Yamabe invariant. Let X be a minimal closed symplectic A-manifold of general type (see [16] ) with an involution L. Assume that the fixed point set Fix(L) of L is an oriented closed 3-manifold M (possibly disconnected). First, we notice the following fact. Proof. Since X is oriented and M is an oriented submanifold of codimension one, the normal bundle u(M) of M in X is trivial, and the differential di of the involution L satisfies G^ITM = Id, ^|I/(M) = -Id. In particular, L is orientation-reversing. Now we choose a metric g such that L is an isometry of (X,g). Then, it follows from [14, Theorem 5.1] that M is totally geodesic. Let X denote the canonical compactification of the complement X \ M with the boundary dX = M U (-M) (see Fig. 6 .1). Notice that the metric g can be extended to X naturally. (where £ > 0). We combine the estimates given in [16] , [21] (cf. [27] ) of the Yamabe invariant in dimension four with Corollary 5.4 to obtain the following result. 
This completes the proof of Theorem 6.3. □ Let N be a product E/ Cl x E/^ of closed Riemann surfaces of genus ki, A;2 > 2 with a product metric g = gi x #2 of #1 on E^ and ^2 on Efc 2 , respectively, of constant negative curvature -1. Assume that the hyperbolic metric gi admits an involutive isometry 0 of (2^,^) such that Fix(0) consists of fci + 1 disjoint simple closed geodesies (see Fig. 6 .2). We remark that such hyperbolic metric always exists on E/ Cl provided ki > 2.
Efci tj 
where Dp j -!,...,£, are disjoint small 4-disks inside int(VF), and dU^^dDj. Then there is an involution t of the manifold
with Fix(^) = Fix(6) = dW', and L = t on
W \ \j mt(D*) \u d w(-lw\(J mt(D*)
With these understood, we obtain the following result. 
This completes the proof of Corollary 6.4. □ 6.3. One more family of four-manifolds with negative relative Yamabe invariant. Let M be a Mumford's fake projective planej that is, a closed complex-hyperbolic surface with Betti numbers &i = 0 and 62 = 6^ = 1, see [2, Chapter V] . From the results of [15] , it follows that the manifold X := M#(-M) has a Spm c -structure with non-trivial SeibergWitten invariant (however X does not have any symplectic structure). By modifying the technique from [16, Theorem 2] combined with the above fact, it is proved in [12] that Y(X) < -Yl-Jl-K < 0. It follows from [21] that Y{X#l(S l x S 3 )) = Y{X) for l>l. With this understood, the following assertion follows from Corollary 5.4. It is known that TZiem + (M) has, in general, many connected components, and that its homotopy groups are nontrivial. For simplicity we assume that M is an oriented manifold. We denote by Diff + (M) the group of diffeomorphisms preserving the orientation. Then the group Diff_ l _(M) naturally acts on the space of metrics by pulling back a metric via a diffeomorphism. Clearly this action preserves the space 7^iem + (M). Then the moduli space of psc-metrics is defined as .
It is very challenging problem to describe (in any reasonable terms) the topology of the moduli space .M + (M). We suggest here to give an alternative model of the moduli space of psc-metrics. First, we start with the space C + (M) of positive conformal classes. There is a canonical projection map p : 7^iem + (M) -> C + (M), which sends a metric g to its conformal class [g]. We prove the following fact. These psc-cobordism groups have been studied in [4] , [8] , [11] , [23] , [26] . We define the conformal analogue of the psc-cobordism relation in terms of the relative Yamabe invariant. Let (MQ, CQ), (MI, CI) be two closed manifolds equipped with positive conformal classes. We call such manifolds positive conformal manifolds. Then (Mo,Co), (Mi,Ci) are conformally cobordant if there exists a compact manifold W with dW = MQ U (-MI) Remark 18. The definition of the conformal cobordism may be essentially refined in the way suggested by S. Stolz [26] . This leads to the conformal cobordism groups. We have studied these cobordism groups in [1] .
